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1. INTRODUCTION
A finite group G is said to be of characteristic 2 type if each 2-local
  ..  .subgroup L of G satisfies the condition C O L : O L .L 2 2
The purpose of this paper is to give an alternative proof of the following
w x w xtheorem, which was a result of the combined work of Janko 1 , Smith 2 ,
w xand Gorenstein and Lyons 3 .
MAIN THEOREM. Let G be a nonabelian simple group of characteristic 2
type, all of whose 2-local subgroups are sol¨ able. Then G is isomorphic to one
 .  .  .  .  .of the following groups: L q , Sz q , U q where q is a power of 2 , L p2 3 2
 .  .  .where p is a Fermat or Mersenne prime with p G 5 , A , L 3 , M , U 3 ,6 3 11 3
2  .XF 2 .4
Our approach to the proof of the Main Theorem is called an ``amalgam
method.'' Several results have already been obtained for our purpose, and
we use some of them in the whole of this paper. Therefore we will clarify
here what we will assume and what we should prove.
Let X be a group, and let Y be a subgroup of X. By definition, X is
Y-irreducible if X has a unique maximal subgroup containing Y. A finite
group G is often said to be 2-irreducible if G is S-irreducible for a Sylow
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2-subgroup S of G. Furthermore, a finite group G of even order is said to
 .be thin if m G F 1 for all odd primes p, where the 2-local p-rank2, p
 .  .m G of G is the maximum of the p-ranks m L as L ranges over the2, p p
2-local subgroups of G.
The task of this paper is stated as the following theorem.
THEOREM 1. Let G be a finite group, all of whose 2-local subgroups are
 .sol¨ able. Let S g Syl G , and let H and K be subgroups of G satisfying the2
following conditions:
 .a S is a common Sylow 2-subgroup of H and K.
 .b Both H and K are S-irreducible and sol¨ able.
 .c No nonidentity subgroup of S is normal both in H and in K.
 .   ..  .   ..  .d C O H : O H and C O K : O K .H 2 2 K 2 2
Then both H and K are thin.
The next two theorems are assumed as a starting point of our analysis of
2-local subgroups.
 w x.THEOREM 2 Theorems A, C of 4 . Let G be a finite group of character-
 .istic 2 type, all of whose 2-local subgroups are sol¨ able. Let S g Syl G , and2
 .assume O G s 1. Then one of the following holds:2
 .1 G has a strongly embedded subgroup.
 .2 S is dihedral, semidihedral, or isomorphic to a Sylow 2-subgroup of
  ..the group Aut Sp 2 .4
 .3 There exist subgroups H and K of G satisfying the abo¨e conditions
 .  .a ] d .
 w x.  .THEOREM 3 Main Theorem of 5, 6 . Let H, S, K be an amalgam
 .  .satisfying the abo¨e conditions a ] d under some embeddings of S into H
 .  .and K. If both H and K are thin, then the amalgam H, S, K or K, S, H is
 .  .  .Xisomorphic to a GL 2 -amalgam, an Sp 2 -amalgam, a G 2 -amalgam, a3 4 2
 .  . 2  .XG 2 -amalgam, an M -amalgam, an Aut M -amalgam, a F 2 -amal-2 12 12 4
2  .gam, or a F 2 -amalgam.4
Let G be a nonabelian simple group satisfying the assumption of the
 .Main Theorem. Then G satisfies the assumption of Theorem 2. If 1 or
 .2 occurs in Theorem 2, we can appeal to some of the existing classifica-
tion theorems to identify G with one of the known simple groups. Hence
 .we can assume that 3 occurs in Theorem 2, and then G satisfies the
assumption of Theorem 1. Once Theorem 1 is proved, we can know the
structures of the subgroups S, H, K by Theorem 3, and then identify G
with one of the known simple groups, appealing again to some classifica-
tion theorems.
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Our approach to Theorem 1 pursues and extends the approach to
w xTheorem B of 4 , which applies to an alternative proof of the classification
of quasi-thin finite simple groups, all of whose 2-local subgroups are
solvable. In the course of the proof of Theorem 1, the following two
theorems are of particular importance.
 w x.  .THEOREM 4 Theorem C of 7 . Let H, S, K be an amalgam satisfying
 .  .  .the abo¨e conditions a ] d , and the following additional condition e :
 . w  . 2 .x  .  ..w  . 2 .xe S s O H , O H O H l O K O K , O K .2 2 2 2
Then both H and K are thin.
 w x.THEOREM 5 Section 4.8 of 4 . Let G be a finite group, all of whose
2-local subgroups are sol¨ able. Let H, S, K, H X, SX, K X be subgroups of G so
 .  X X X.  .  .  .that both H, S, K and H , S , K satisfy the abo¨e conditions a , b , d .
X w  . 2 .x  .  ..w  . 2 .xSuppose that S s O H , O H O H l O K O K , O K , that2 2 2 2
 X:  X:H s S, H , and that K s S, K .
 X X X.  . X XIf H , S , K satisfies condition c , and both H and K are thin, then
 .  X X X.H, S, K s H , S , K .
w x  X X X.  .Following 4 , we will write H , S , K U H, S, K if the assumptions
of Theorem 5 are fulfilled. Let G, S, H, K be groups satisfying the as-
sumption of Theorem 1. Then we can actually choose a sequence H ,0
.  .  .S , K , H , S , K , . . . , H , S , K , . . . of amalgams satisfying condi-0 0 1 1 1 n n n
 .  .  .  .  . tions a , b , d such that H , S , K s H, S, K and H , S ,0 0 0 nq1 nq1
.  .K U H , S , K for all nonnegative integers n. Since S is finite, wenq1 n n n
have S s S for some nonnegative integer m. If no nonidentitym mq1
subgroup of S is normal in both H and K , then repeated use ofm m m
Theorem 5 forces that both H and K are thin. Thus we will assume in our
analysis that some nonidentity subgroups of S is normal both in H andm m
 :in K , in particular that H , K is a solvable subgroup of G. In fact,m m m
most of the arguments of this paper are devoted to the study of the
 :solvable groups Z , . . . , Z of G generated by D-irreducible subgroups1 n
 .Z , . . . , Z with D : S and D g Syl Z for k s 1, . . . , n. Looking at our1 n 2 k
proof, we can understand that it was sufficient for us to classify the
 .  .amalgams satisfying not only conditions a ] d but also the additional
 .condition e .
Related to quadratic 2-subgroups of 2-local subgroups, we will define
` .new characteristic subgroups N n; B for each finite 2-group B and each
nonnegative integer n. We will frequently use them throughout the proof
of Theorem 1 in the following manner: for a 2-local subgroup L containing
` .  .a Sylow 2-subgroup S, either N n; S 1 L or the structure of LrO L is2y
highly restricted. Precise definitions and necessary properties are given in
 .Section 2. Section 3 contains necessary information about GF 2 -represen-
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tation of solvable groups, and Sections 4 and 5 are devoted to the body of
the proof of Theorem 1.
2. ON FINITE 2-GROUPS
Throughout this section, we will assume that B is an arbitrary finite
2-group, and that n is a nonnegative integer.
DEFINITION 2.1. Let X and Y be subgroups of B.
 .  .1 We denote by v X, Y the set of Y-invariant subgroups V of Xn
w xpossessing the following property: if V, L, L s 1 for an abelian subgroup
 < 4 L of Y, then there exists a family of generators ¨ l g L of V depend-l
. <  . < ning on L such that L: C ¨ F 2 for all l g L.L l
 . U  .  .2 We denote by v X, Y the set of elements V of v X, Yn nq1
 <possessing the following property: there exist a family of subgroups V i gi
4  < 4I of V and a family of subgroups Y i g I of Y such thati
 .  < :a V s V i g I ,i
 .  .b V g v X, Y for all i g I,i n i
 .   .:c v Y, V : Y for all i g I.n i
 .3 We use the following convention: if Z is a subgroup of B and B
is a set of subgroups of B, then Z l B denotes the set of elements of B
contained in Z.
LEMMA 2.2. Let X, X X, Y, Y X : B with X : X X and Y : Y X.
 .  X .  .  X . U  X .1 X l v X , Y : v X, Y : v X , Y and X l v X , Y :n n n n
U  . U  X .v X, Y : v X , Y .n n
 .  .  X. U  . U  X.2 v X, Y = v X, Y and v X, Y = v X, Y .n n n n
 .   ..  . U  .  .3 Z C Y g v X, Y : v X, Y : v X, Y .X n n nq1
Proof. This follows immediately from Definition 2.1.
  .4`DEFINITION 2.3. Define a sequence of subgroups N n; B of Bk ksy1
recursively as follows:
 .  .1 N n; B s B.y1
 .  .  U   ..: .2 N n; B s v B, N n; B k G 0 .k n ky1
` .  .  .   . <Now, define N n; B s F N n; B and N n; B s N n; B k:k : o dd k ` k
:e¨en .
` ` .  .For brevity, we put N s N n; B and N s N n; B throughout this` `
section.
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LEMMA 2.4. The following holds:
 .  . ` `1 Z B : N : N . In particular, N / 1 whene¨er B / 1.`
 . `2 N is a characteristic subgroup of B.
 .  U  `.:  U  .: `3 v B, N s N and v B, N s N .n ` n `
 . ` ` . ` `4 If N : Q : B, then N n; Q s N , and N is a characteristic
subgroup of Q.
 .Proof. First, N n; B is a characteristic subgroup of B for all kk
 . U   ..because Aut B leaves the set v B, N n; B invariant by inductionn ky1
 .on k. So 2 holds.
 .We will see the inclusion relations between the subgroups N n; B . Letk
 .N s N n; B for all k. Since N s B = N , we have N s B = N sk k y1 0 y1 1
 U  .:  U  .:  .v B, N = v B, N s N by Lemma 2.2 2 . Assume that ei-n 0 n y1 0
ther N = N = N or N : N : N holds for some i. Then eitheriy1 iq1 i iy1 iq1 i
 .N : N : N or N = N = N holds by Lemma 2.2 2 becausei iq2 iq1 i iq2 iq1
 U  .:N s v B, N for all k. Thus we can conclude, by induction, thatkq1 n k
< <B s N = N = ??? = N = ??? = N = ??? = N = N . Since B isy1 1 2 iy1 2 i 2 0
finite, there exists a nonnegative integer m such that N s N and` 2 i
`  .  .N s N for all i G m. Hence, together with Lemma 2.2 3 , Z B : N2 iy1 0
`  U  `.:  U  .:: N s N : N s N , v B, N s v B, N s N s` 2 m 2 my1 n n 2 my1 2 m
 U  .:  U  .: `  .  .N , v B, N s v B, N s N s N . So 1 and 3 hold.` n ` n 2 m 2 mq1
`  . `Suppose that N : Q : B. Put M s N n; Q . Then N = M = Nk k y1 y1
by our assumption. Assume that N = M = N`. Then N s2 iy1 2 iy1 2 i
 U  .:  U  .:  U  `.: `v B, N : v B, M : v B, N s N : N : Q byn 2 iy1 n 2 iy1 n `
 .  . .  U  .:  U  .:Lemma 2.2 2 and 1 3 . Thus v B, M s v Q, M s Mn 2 iy1 n 2 iy1 2 i
 .  .  . .by Lemma 2.2 1 , so N : M : N . Again by Lemma 2.2 2 and 1 3 ,2 i 2 i `
 U  .:  U  .:  U  .:N s v B, N = v B, M = v Q, M s M and2 iq1 n 2 i n 2 i n 2 i 2 iq1
 U  .: `  U  .:  U  .: `v B, N s N = Q, so M = v Q, N s v B, N s Nn ` 2 iq1 n ` n `
 .by Lemma 2.2 1 . Thus we can conclude, by induction, that N = M2 iy1 2 iy1
` ` ` .  .= N for all i, so N n; Q s N . This proves 4 .
U  . <  . < nq2LEMMA 2.5. Let V g v B, B , and let Q : B. If V: C x G 2n V
for all x g B y Q, then N` : Q.
 U  .:  U  `.:  .Proof. Since V : v B, B : v B, N s N by Lemma 2.2 2n n `
 . `  U  .:  U  .:and Lemma 2.4 3 , we have N s v B, N : v B, V :n ` n
  .:  .  . .v B, V by Lemma 2.4 3 and Lemma 2.2 2 3 .nq1
 . w x w x  .Let L g v B, V . Since L, V, V : V, V s 1, Definition 2.1 1nq1
<  . < nq1shows that L is generated by the elements x with V: C x F 2 , soV
`L : Q by our assumption. Therefore N : Q.
 . <  . < nq1LEMMA 2.6. Let V g v B, B , and let Q : B. If V: C x G 2n V
for all x g B y Q, then N` : Q.
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`  U  .:Proof. We have N : v B, V by the same argument as in the firstn
U  .paragraph of the proof of Lemma 2.5 because V g v B, B by Lemman
 .2.2 3 .
U  .  < 4  < 4Let L g v B, V . Let L i g I and V i g I be families of sub-n i i
groups of L and V, respectively, satisfying the conditions of Definition 2.1
 .   .:   .:  . .2 . Let i g I. Since V : v V, B : v V, L by Lemma 2.2 1 2 ,n n
 .  .we have V : V by Definition 2.1 2c , so L g v B, V by Definition 2.1i i n
 . w x w x  . 2b . Since L , V, V : V, V s 1, Definition 2.1 1 shows that L s xi i
< <  . < n:  .g L V: C x F 2 : Q, so L : Q by Definition 2.1 2a . Thereforei V
`N : Q.
 .3. ON GF 2 -REPRESENTATION OF SOLVABLE GROUPS
 .In this section, we study GF 2 -representation of solvable groups.
First, we review the basic structure of 2-irreducible solvable groups.
 .LEMMA 3.1. Let G be a 2-irreducible sol¨ able group with S g Syl G ,2
 .and let M be the unique maximal subgroup of G containing S. Put Q s O G .2
Then the following holds:
 .  2 . .1 If N 1 G / SN or, equi¨ alently, O G ­ N 1 G , then S l Ny y
 .1 G, Q g Syl QN , and GrN is 2-irreducible and sol¨ able.2y
 .  .2 G s O G for some odd prime p.2, p, 2
 .Let P g Syl G .p
 .  .3 SrQ acts irreducibly and faithfully on PQrF P Q.
 .  .  .4 Z SrQ is cyclic, and an element t g S in¨erts PQrF P Q if and
  ..only if Q / tQ g V Z SrQ .1
 .  .5 P l M s F P .
 .  :6 Let x g S y Q. Then x f M if and only if G s S, x .
 . 2 . w 2 .x w 2 .x 2 .7 O G s P Q, O G and Q, O G s S l O G .
 .  .  . w x w x wProof. Parts 1 ] 6 are proved in 2.1 of 11 . Since Q, P : Q,
2 .x w 2 .x  . 2 . w 2 .xO G , we have P Q, O G 1 PQ s O G , so O G s P Q, O G .2, py
2 2 2w  .x  .  .  .Thus Q, O G s Q l O G s S l O G , so 7 holds.
Throughout the remainder of this section, we will assume that G is a
finite solvable group and that V is a nontrivial irreducible faithful
 .  . w x  < <  . <GF 2 G-module. Let S g Syl G , and put S k s x g S V: C x F2 V
k:2 for all positive integers k.
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w x  .XLEMMA 3.2. S 1 : O G .2 , 2
w x w x   .:Proof. We may assume that S 1 / 1. Then S 1 : P G, V , where
 .P G, V is the set of nonidentity elementary abelian subgroups A of G
< < <  . < < < <  . <satisfying A C A G B C B for all subgroups B of A. We can seeV V
  .:  .  .  . w xXP G, V : O G by 3.2 and 3.3 of 8 because G is solvable and2 , 2
 .  .O G : C V s 1.2 G
w xLEMMA 3.3. Suppose that G is 2-irreducible and that S 2 / 1. Let H be
 .the set of the homogeneous components of V , where P s O G . Then thereP
 < :exists a normal subgroup P for each W g H such that P s P W g H , WW W
w xs V, P , and one of the following holds:W
 . < < 2 w x1 P ( Z , W s 2 , and S 1 / 1.W 3
 . < < 2 w x2 P ( Z , W s 2 , and S 1 s 1.W 3
 . < < 4 w x3 P ( Z , W s 2 , and S 1 s 1.W 5
 . < < 6 w x4 P ( Esp , W s 2 , and S 1 s 1.W 27
 .Proof. We first note that P g Syl G for some odd prime p byp
 .  . <Lemma 3.1 2 because O G s 1. Let t g S be an involution with V:2
 . < 2 S w xC t F 2 , and put T s t . Let u g T, and define P s P, u andV u
w x <   .. <V s V, P . Then P 1 P for all u g T. Since V Z S s 2 by Lemmau u u 1y
 .  :   ..  :  < :3.1 4 and T 1 S, we have V Z S : T , and then P s P u g T ,1 uy
  ..  .  .because V Z S inverts PrF P also by Lemma 3.1 4 . Hence V s1
 V . Let I be a subset of T that is maximal subject to the followingug T u
X X  < :Xcondition: if u / u , then V / V for all u, u g I. Then P s P u g I ,u u u
and V s  V . Let u g I. Pick an irreducible submodule X of Vug I u P
w xcontained in V . Then X s X, P as P 1 P. So, if W g H contains X,u u u yw x w xthen W s W, P : V, P s V . This shows that V is a direct sum ofu u u u
some members of H as V is completely reducible.P
 < 4Suppose that V is homogeneous itself. Then the set V u g I coin-u u
cides with the set H. For W g H, choose the unique element u g I so that
 < : w xW s V , and define P s P . Then P s P W g H and W s V, Pu W u W W
for each W g H. The structures of W and P are described in Lemma 2.8W
w x <  . < <  . < 2  .of 11 because W: C u F V: C u F 2 . In particular, Z P isW V W
 .  .cyclic as W is homogeneous and C W : C V s 1. Since G is irre-P PW
 . < < 4ducible on V, N W is also irreducible on W, so the case W s 2 andG
 .  .  .P ( Z is eliminated. Hence one of the three cases 1 , 3 , 4 occurs.W 3
Suppose that V is not homogeneous. For W g H, choose u g I so thatu
W : V . Note that u does not centralize any member of H contained in Vu u
 . X Xas C P s 0. Thus there exists W g H such that V s W q W , whereV u uu
< < < X < 2 <  . < <  . < 2W s W s 2 , because V : C u F V: C u F 2 . Hence one of theu V Vu
 .  .  .  X.two cases 1 , 2 occurs, and, moreover, PrC W ( PrC W ( Z ,P P 3
 .  .  X.  .C V s C W l C W , and u inverts PrC V . Since V is notP u P P P u u
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w x  .homogeneous, Lemma 2.8 of 11 shows that P ( E , and so P s P C V .u 9 u P u
 X. w xDefine P s P l C W . Then P 2 P ( Z and V, P s W. SinceW u P W 3 Wy
 . < < 2C V s 1 and W s 2 , we can conclude that P is a unique subgroupP W
w xof P with the property W s V, P , and so, in particular, P is indepen-W W
 <Xdent on the choice of u g I. Thus P s P P , and hence P s P W gu W W W
:H .
w x  < <  . <LEMMA 3.4. Let L : S with V, L, L s 0. Then V s ¨ g V L: C ¨L
:F 2 .
 .Proof. Since O G s 1, there exists an odd prime p such that2
w  . x  .O G , L / 1. Put P s O G . Let W be a homogeneous component ofp p
 .  . <V . Put N s N W , C s C W , and N s NrC. If L ­ N, then L:P G G
<  . w x <C l L F 2 by 3.2 of 7 . Suppose that L : N. If W s V, then L:
<  . w x w x w w xxC l L F 2 by 3.3 of 7 because V, L, L s 0 / V, N, L for a
 .  < <GF 2 PL-module V. So suppose that W ; V. Then W s w g W L:
 . < :C w F 2 by the inductive hypothesis, because N is irreducible on WL
w x w xand W, L, L : V, L, L s 0. Hence the lemma holds because V is a
direct sum of the homogeneous components of V .P
4. PRELIMINARIES
Throughout the remainder of this paper, let G be a finite group
satisfying the assumption of Theorem 1, and let S be a Sylow 2-subgroup
of G.
We begin with some definitions.
DEFINITION 4.1. Let D : S.
 .  .1 We denote by D D the set of subgroups Z of G satisfying the
following conditions:
 .  .a D g Syl Z .2
 .b Z is D-irreducible and solvable.
 .   ..  .c C O Z : O Z .Z 2 2
 .  .2 Let D : S and X, Y g D D . We write X : Y and say that X2
w  . 2 .x  .is 2-embedded into Y if O X , O X : O Y .2 2
 .  .3 We denote by G the set of triplets X, D, Y with the conditions
 .  .  .D : S and X, Y g D D . Let b s X, D, Y g G. Define O b s2
 :.  .O X, Y l D. Note that O b is the largest subgroup of D that is2 2
normal in both X and Y. We call b thin if both X and Y are thin. Let
X  X X X . X X w  . 2 .x  .b s X , D , Y g G. We write b U b if D s O X , O X O X2 2
 ..w  . 2 .x  X :  X :l O Y O Y , O Y , X s X , D , and Y s Y , D .2 2
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 .  .4 Let L be a subgroup of G with R s L l S g Syl L . Let2
 .D : R. We denote by G D the set of subgroups Z of L satisfying theL
following conditions:
 .  .a D g Syl Z .2
 .b Z is D-irreducible.
 .  2 . :c O Z , R s L.
 . w  . 2 .xLEMMA 4.2. Let D : R : S and L g D R with O L , O L : D.2
 .  .1 G D / B.L
 .Let Z g G D .L
 . w  . 2 .x w  . 2 .x2 O Z , O Z s O L , O Z .2 2
 .   .. w  . 2 .x.  .3 C O Z : C O Z , O Z : O Z .Z 2 Z 2 2
 .  .4 Z g D D .
 .  .R  .  .5 FO Z : O L = F O X .2 2 X g G D . 2L
 .  2 .R: 2 .  2 . <  .:6 O Z s O L s O X X g G D .L
 2 .. 2 .Proof. We first note that D g Syl DO L as O L l R s2
w  . 2 .x  .  .O L , O L : D by Definition 4.1 1a and Lemma 3.1 7 , and that2
2 . XDO L is generated by the set G of D-irreducible subgroups X of L
 .with D g Syl X .2
Let M be the unique maximal subgroup of L containing R. Let X g GX.
 .  . UThen X g G D if and only if X ­ M by Lemma 3.1 6 . Put L sL
w  . 2 .x 2 .U  .Lr O L , O L . Then O L has odd order by Lemma 3.1 7 , so2
2 .U U  2 .U .  .  .O L l M s F O L by Lemma 3.1 5 . Hence we have G DL
 X < 2 .U  2 .U .4 2 .  2 . < X:s X g G O X ­ F O L . Thus O L s O X X g G s
 2 . <  .:  .  2 .R:O X X g G D , so 1 holds. Moreover, we have L s O Z RL
 .  .by Definition 4.1 4c , so 6 holds.
w  . 2 .x 2  ..  .Let Q s O Z , O Z and Y s O C Q . Part 2 holds because2 Z
 .  . w  . 2 .x  .Q s O Z l D : O L l R s O L , O L by Lemma 3.1 7 . Since2 2 2
w  . x w  . 2 .x  .   ..  .O L , Y : O L , O Z s Q by 2 , we have Y : C O L : O L2 2 L 2 2
 .  .  .by Definition 4.1 1c . Hence Y s 1, so 3 holds. Part 4 is a consequence
 .  . .of 3 and Definition 4.1 4a 4b .
Y R 2 .  .  .Let L s LrO L , and G s Z or G D . Then O L s O L by .2 L
2 .  . w xDefinition 4.1 1b and Lemma 3.1 2 . Since O X , O X : O X .  .  .2 2
Y . w  .xYlO L s 1 for all X g G , we have F O X , O L s .X g G 2
Y2w  < :x  .Y YF O X , O X X g G s 1 by 6 . Thus F O X : .  .  .X g G 2 X g G 2
  ..  .C O L s 1, so 5 holds.R
X  . w  .LEMMA 4.3. Let D : R : S and L, L g D R with O L ,2
2 .xw  X . 2 X .x XO L O L , O L : D and L ­ L .2 2
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 .  .  .X1 If Y g G D , then there exists X g G D such that Y ­ X.L L 2
 .  .  .X2 If Y g G D , then there exists Z g G D such that Z ­ Y.L L 2
 .  .  .XProof. We first note that B / G D : D D = G D / B by LemmaL L
 . .4.2 1 4 .
 .  .XLet Y g G D . Suppose that Y : X for all X g G D . ThenL 2 L
w  . 2 .x w  . 2 .x  .  .XO L , O Y s O Y , O Y : O X for all X g G D by Lemma2 2 2 L
 . w  . 2 .x  .  X.4.2 2 . Thus O L , O Y : F O X : O L by Lemma 4.2X2 X g G D . 2 2L
 . w  . 2 .x w  .  2 .R:x  X .5 . Hence O L , O L : O L , O Y : O L by Lemma 4.22 2 2
 .  .6 , a contradiction. So 1 holds.
 .  .XLet Y g G D . Suppose that Z : Y for all Z g G D . ThenL 2 L
w  . 2 .x w  . 2 .x  .  .O L , O Z s O Z , O Z : O Y for all Z g G D by Lemma2 2 2 L
 . w  . 2 .x w  .  2 . <  .:x  .4.2 2 . Thus O L , O L : O L , O Z Z g G D : O Y by2 2 L 2
 . w  . 2 .x  .R  X.Lemma 4.2 6 . Hence O L , O L : FO Y : O L by Lemma2 2 2
 .  .4.2 5 , a contradiction. So 2 holds.
 .  .LEMMA 4.4. Let E : D : R : S and L g D R . Suppose Z g G DL
w  . 2 .x w   .. 2 .xwith O Z , O Z : E. Then V Z E , O Z s 1 if and only if2 1
  ..  .V Z R : Z L .1
 . w  . 2 .x   ..Proof. Put Q s O L , T s O Z , O Z , U s V Z Q , W s2 2 1
  .. w 2 .x 2 .V Z E lQ . Then Q, O Z s T s O Z l D : E l Q by Lemma1
 .  . w 2 .x w 2 .x < 2 .4.2 2 and Lemma 3.1 7 , so U, O Z : W, O Z , and O Z E l
.  . <  2 ..2Q : E l Q is odd. Hence C O Z s 1.wW , O Z .x
w   .. 2 .x w 2 .x   ..Suppose first V Z E , O Z s 1. Then W, O Z l V Z E s 1,1 1
w 2 .x w 2 .x   ..  .so W, O Z s 1. Hence U, O Z s 1, and then V Z R : Z L by1
 .   ..  .Definition 4.1 4c because V Z R : U by Lemma 4.2 3 .1
w   .. 2 .x   ..  .Suppose next V Z E , O Z / 1. Since V Z E : C T :1 1 Z
 .  . w   .. 2 .xO Z by Lemma 4.2 3 , we have V Z E , O Z : T : E l Q, so2 1
w   .. 2 .x w 2 .x1 / V Z E , O Z : W, O Z .1
w   .. 2 .xHere, let T : N 1 M : Q, and suppose V s V Z N , O Z / 1.N 1y w   .. 2 .x  .We will show that V s V Z M , O Z / 1. By Lemma 3.1 2 , Z is aM 1
 4  . 2 .2, p -group for some odd prime p. Let P g Syl Z . Then O Z s PTp
 .  . w x w xby Lemma 3.1 7 , and M s NC P because M, P : Q, P : T : N.M
w   .. x  . w  . xThus V s V Z N , P 1 M and C P s 1. Hence 1 / C M , PN 1 V VN Nyw   .. x: V Z M , P : V .1 M
w 2 .x w 2 .xNow, since T : E l Q 11 Q and W, O Z / 1, we have U, O Zyyw 2 .x  2 .. < 2 .2/ 1, so U, O L / 1. We have C O L s 1 because O L Q:wU, O L.x
<  .   ..  .Q is odd by Lemma 3.1 2 . Therefore V Z R ­ Z L because 1 /1
 .   ..2C R : V Z R .wU, O L.x 1
 .LEMMA 4.5. Let D : S and X g D D . Let N be a sol¨ able subgroup of
G containing X, and let M be a normal subgroup of N.
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 . 2 .1 If O X ­ M, then M l D 1 X.y
 . 2 .2 If M is maximal subset to the condition that O X ­ M 1 N, thenyw  . 2 .xO X , O X : M l D.2
 .  . 2 . 2 .3 Let Y g D D with Y : N. If O X ­ M = O Y , then Y : X.2
 .  .  .Proof. Part 1 follows from Lemma 3.1 1 . For the proof of 2 , let Q
be a preimage of a minimal normal subgroup of NrM. The maximality of
2 . < <M forces that O X : Q, so QrM is odd by the solvability of N. Thus
w  . 2 .x 2 .  .O X , O X s O X l D : Q l D : M l D by Lemma 3.1 7 , so2
 .  . w  . 2 .x 2 .2 holds. Part 3 holds because O Y , O Y s O Y l D : M l D2
 .  .  .: O X by Lemma 3.1 7 and 1 .2
 .LEMMA 4.6. Let D : S and D : D D . Suppose that D is a finite set and
 :that D is sol¨ able. Then there exists an element Y g D such that Y : X2
for all X g D.
Proof. We will first show that if Z ­ Z ­ ??? ­ Z for Z , Z ,1 2 2 2 2 k 1 2
 :. . . , Z g D, then Z : Z for 1 F i F k. Put N s D . Take a normalk k 2 i
2 .subgroup M of N that is maximal subject to the condition O Z ­ M.k
2 .  .Then O Z ­ M for 1 F i F k by repeated use of Lemma 4.5 3 . Soi
 .  .M l D : O Z for 1 F i F k by Lemma 4.5 1 . On the other hand,2 i
w  . 2 .x  .O Z , O Z : M l D by Lemma 4.5 2 .2 k k
Suppose the lemma is false. If Z ­ Z ­ ??? ­ Z for Z , Z ,1 2 2 2 2 jy1 1 2
. . . , Z g D, then we can pick Z g D such that Z ­ Z and Z / Zjy1 j jy1 2 j j i
for 1 F i F j. Hence, by induction, all elements of D are arranged in such
a way that Z ­ Z ­ ??? ­ Z . But then Z : Z for 1 F i F n, a1 2 2 2 2 n n 2 i
contradiction.
 .LEMMA 4.7. Let b s X, D, Y g G. Suppose either that b is not thin
 . X w  . 2 .x  .  ..w  .or that O b / 1. Put D s O X , O X O X l O Y O Y ,2 2 2 2 2
2 .x X  X. X  X. X XO Y , and let X g G D and Y g G D . Then either X : Y orX Y 2
Y X : X X.2
Proof. Put D s D, X s X, Y s Y, D s DX, X s X X, Y s Y X. In-0 0 0 1 1 1
ductively, put
2D s O X , O X O X l O Y .  .  .  . .n 2 ny1 ny1 2 ny1 2 ny1
2= O Y , O Y , .  .2 ny1 ny1
 .  .and choose X g G D and Y g G D . Note that this is possiblen X n n Y nny 1 ny1
 .  .by Lemma 4.2 1 . Define b s X , D , Y for all nonnegative integers n.n n n n
 .Then we have b g G and b U b for all n G 0 by Lemma 4.2 4 andn nq1 n
 . .Definition 4.1 3 4c . Since D is finite, we have D s D for somem mq1
 .nonnegative integer m. Suppose that O b s 1. Then b is thin by2 m m
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Theorem 4. Hence repeated use of Theorem 5 forces that b s b sm my1
 .  :??? s b s b . This contradiction shows that O b / 1. Thus X , Y1 0 2 m m m
is solvable, and so either X : Y or Y : X by Lemma 4.6.m 2 m m 2 m
 . w  .Let 2 F j F m, and suppose that X : Y . Then O Y = O X ,j 2 j 2 j 2 j
2 .x 2 . 2 .  .O X s O X l D s O X l D by Lemma 3.1 7 . Sincej j j j jy2
2 2 2O X , O X : O X , O X s O X , O X .  .  .  .  .  .2 jy2 j 2 jy2 jy1 2 jy1 jy1
: O X .2 jy1
 . w  . 2 .x w  . 2 .xby Lemma 4.2 2 , we have O X , O X : O X , O X s2 jy2 j 2 jy1 j
w  . 2 .x 2 .  .O X , O X : O X , also by Lemma 4.2 2 . Thus2 j j j
2 2O X , O X s O X , O X .  .  .  .2 jy1 j 2 j j
w  . 2  .x  .  ..O X , O X O X lO Y2 jy2 jy2 2 jy2 2 jy2: FO Y .2 j
D jy 1 2: FO Y O Y , O Y : O Y .  .  .  .2 j 2 jy2 jy2 2 jy1
 .by Lemma 4.2 5 . Hence we conclude that
D jy 12 2 :O X , O X : O X , O X .  .  .  .2 jy1 jy1 2 jy1 j
D jy 12 :s O X , O X .  .2 jy1 j
D jy 12 :s O X , O X : O Y .  .  .2 j j 2 jy1
 .by Lemma 4.2 6 , so X : Y . Similarly, Y : X implies Y :jy1 2 jy1 j 2 j jy1 2
X . Therefore, by induction on j, we have either X : Y or Y : X .jy1 1 2 1 1 2 1
 .LEMMA 4.8. Let b s X, D, Y g G. If either X : Y or Y : X, then2 2
 .O b / 1.2
Proof. By the symmetry between X and Y, we may assume that
X  .  X .  .X : Y. Put D s O Y . Then G D / B by Lemma 4.2 1 , and D acts2 2 X
 X. X  4  X.on G D as D 1 D. Let X , . . . , X be a D-orbit on G D . ThenX 1 n Xy
  ..  . 2 .  2 .C O X : O X for 1 F k F n and O X s O X , . . . ,X 2 k 2 k 1k
2 .:  . .O X by Lemma 4.2 3 6 .n
Let 1 F k F n. We may assume that no nonidentity characteristic sub-
X  :  .group of D is normal in X because X s X , D by Definition 4.1 4c .k k
w xTherefore, by the Corollary of 9 , X is described as follows: X sk k
X  .  .D J X , J X s L = D = E , L ( S = ??? = S , D ( D = ??? = D ,k k k k k k 4 4 k 8 8
w  . 2 .xE is an elementary abelian 2-group. Put V s O X , O X . Thenk k 2 k k
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2 . X  X.  .V s O X l D : J D by Lemma 3.1 7 and the structure of X . Putk k k
w  . 2  .x w  .  2  . < :xV s O X , O X . Then V s O X , O X 1 F k F n s2 2 k
w  . 2 .x < : w  . 2 .x < :  <O X , O X 1 F k F n s O X , O X 1 F k F n s V 12 k 2 k k k
:  X.  .  X .F k F n : J D by Lemma 4.2 2 . We may assume that V ; J D . Let
X X 2 .  A:A be a Hall 2 -subgroup of D O Y , and put W s V . Then W 1 DAyw x w  . 2 .x  .  .Xs Y. If V, W s 1, then O X , O X s V : W : C V : O X by2 D 2
 .  2 . :  :Lemma 3.1 1 , so W 1 O X , Y s X, Y .yw x w axSuppose that V, W / 1. Then we have V , V / 1 for some i, j, andi j
 X a.  .a g A. Let g s X , D , X . Then g g G by Lemma 4.2 4 . Moreover, wei j
a  X.  a.   a..  X.Xhave X ­ X because J D = V ­ C V s O J X s J D li 2 j i J D . j 2 j
 a.  X. aO X by the structure of X . Put E s J D . Since V V : E, there exist2 j j i j
 .  .  .aZ g G E and Z g G E such that Z , E, Z g G and Z ­ Z by1 X 2 X 1 2 1 2 2i j
 . .  .Lemma 4.2 1 4 and Lemma 4.3. Let d s Z , E, Z . Since E U X s1 2 iy
 X:  Z1:  .Z , D , we have E U Z , so Z s E by Lemma 3.1 1 . Hence1 1 1yw  . 2 .x w  .  Z1:x w  . xZ1: w xZ1:O Z , O Z : O Z , E s O Z , E : E, E :2 1 1 2 1 2 1
w   ..Z1:    ...V Z E : V Z O Z by the structure of E and Lemma 4.21 1 2 1
 . w  . 2 .x.  .  .3 , so C O Z , O Z s O Z by Lemma 3.1 1 . Similarly,E 2 1 1 2 1
w  . 2 .x.  .C O Z , O Z s O Z . Thus Z ­ Z implies Z ­ Z . Next,E 2 2 2 2 2 1 2 2 2 2 1
X w  . 2 .x  .  ..w  . 2 .xput E s O Z , O Z O Z l O Z O Z , O Z . Then there2 1 1 2 1 2 2 2 2 2
X  X . X  X.  X X X . Xexist Z g G E and Z g G E such that Z , E , Z g G and Z ­1 Z 2 Z 1 2 1 21 2
X  . .  X :Z by Lemma 4.2 1 4 and Lemma 4.3. Since Z ­ Z s Z , E , we2 2 2 1 1
X X X X w  X.Xhave E U Z . Similarly, E U Z . Thus, as above, we have C O Z ,1 2 E 2 iy y
2 X .x.  X. X X X XO Z s O Z for i s 1, 2, and then Z ­ Z implies Z ­ Z .i 2 i 1 2 2 2 2 1
 .Now, Lemma 4.7 shows that d is thin and that O d s 1. Since2
w  . 2 .x    ...O Z , O Z : V Z O Z , Theorem 3 yields that d is isomorphic2 1 1 1 2 1
 .  . < < 4either to a GL 2 -amalgam or to an Sp 2 -amalgam, and then E F 2 .3 4
< < 3 2 . XThis forces V F 2 , and so X is thin and O X D is 2-irreducible. Now,
w x Xby Proposition 2.3 of 11 , some nonidentity A-invariant subgroup, say W ,
X 2 . X  X D:of D is normal in O X D . So W is normal in both X and Y as
2 .X s O X D and Y s DA.
5. THE PROOF OF THEOREM 1
We will begin the proof of Theorem 1. Assume that G and S continue
to satisfy the assumption of Theorem 1. Let H and K be subgroups of G
 .  .satisfying conditions a ] d stated in Theorem 1.
 .Put a s H, S, K .
LEMMA 5.1. a g G, H ­ K, K ­ H.2 2
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 .  .Proof. This follows from Lemma 4.8 and conditions a ] d of Theorem
1.
By the symmetry between H and K, we will assume the following:
  ..  .ASSUMPTION 5.2. V Z S ­ Z H .1
LEMMA 5.3. The group H has a noncentral minimal normal subgroup.
   ..H :  .  . 2 .Proof. Let W s V Z S . Then O H : C W W O H by1 2 H
w 2 .x 2 .  .  .Assumption 5.2. Thus W, O H / 1, and O H C W rC W hasH H
 . .  2 ..2odd order by Lemma 3.1 1 2 , so C O H s 1. Therefore awW , O H .x
2w  .xminimal normal subgroup of H contained in W, O H is noncentral.
Let V be a noncentral minimal normal subgroup of H. Put TU s
w  . 2 .x  .  ..w  . 2 .x  .w  .O H , O H O H l O K O K , O K , T s O H O K ,2 2 2 2 2 2
2 .x w x  < <  . < k:O K , and D k s t g D V: C t F 2 for all subgroups D of SV
and all positive integers k.
LEMMA 5.4. Let TU : D : S. Then the following holds for all positi¨ e
integers k:
 .  .1 V g v D, D .k
 . ` . w x2 N k; D : D k .
 . ` .  .  .3 If D 1 S, then N k; D ­ O H l O K .2 2y
Proof. Let k be a positive integer.
w 2 .x w  . 2 .x UWe first note that V s V, O H : O H , O H : T : D. Let L2
w x  .be an abelian subgroup of D with V, L, L s 1. Put H s HrC V , andH
 .regard V as a nontrivial irreducible faithful GF 2 H-module. Since
w x w x  < <  . <V, L, L s V, L, L s 1, Lemma 3.4 shows that V s ¨ g V L: C ¨L
:  < <  . < :  .F 2 s ¨ g V L: C ¨ F 2 . Hence V g v D, D , and then V gL 1
 .  . w x <  . < kq1v D, D by Lemma 2.2 3 . Put Q s D k . Then V: C x G 2 fork V
` .all x g D y Q by the definition of Q, so we have N k; D : Q by
 .  .Lemma 2.6. So 1 and 2 hold.
` .Suppose that D 1 S. Since 1 / T : D, we have N k; D / 1 by Lemmay
 .  . 2 .2.4 1 . Let L s H or K. Then D l O L 1 SO L s L because2 yw  . 2 .x  . ` .  .O L , O L : D l O L 1 S. Therefore, if N k; D : O L , then2 2 2y
` . `  ..  . .  .N k; D s N k; D l O L 1 L by Lemma 2.4 4 2 . Hence 3 holds.2 y
The next lemma is a technical one that shows special relations between
 .elements of D D where D : S.
 .  .LEMMA 5.5. Let D : S and n ) 1. Take Z , . . . , Z g G D j G D ,1 n H K
 :and put N s Z , . . . , Z . Assume that Z ­ Z ­ ??? ­ Z ­ Z ,1 n n 2 ny1 2 2 2 2 1
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 .that N is sol¨ able, and that Z g G D . Then the following hold:1 H
 .1 There exists an abelian normal subgroup U of N such that U : D
<  . < 2  .and U: C x G 2 for all x g D y O Z .U 2 n
 . < < 4  .2 If D 1 S, S: D F 2 , and Z g G D where L s H or K, thenn Ly
` .  .N 1; D : O L .2
Proof. Take a subgroup M of N that is maximal subject to the
 .  :condition O Z ­ M 1 N. Then M ; N, and M l D 1 Z , . . . , Z by2 1 1 ny y
 . .  .  .Lemma 4.5 1 3 . Put P s O N mod M . Since O NrM s 1 by the2
 . 2 .maximality of M, we have P l D s M l D : O N : M ; P, so O Z2 1
 2 .N :: P also by the maximality of M. Let I s O Z , E s I l D, W s1
  .. w  . 2 .x 2 .V Z E . Then O Z , O Z s O Z l D : E : D by Lemma 3.11 2 1 1 1
 . 2 .7 . Since E s I l P l D s I l M l D and O Z ­ I l M, we have1
 . . w 2 .xE 1 N by Lemma 4.5 1 3 . Hence W, O Z / 1 by Lemma 4.4 be-1y
 .   ..  . w xcause Z g G D and V Z S ­ Z H . Thus 1 / W, I 1 N.1 H 1 y
< < 4  .Next, we will show that if S: D F 2 , then C I s 1. Take awW , I x
subgroup R of N that is maximal subject to the conditions R 1 Ny
 .  .and R l D g Syl R . Since O NrR s 1 by the maximality of R,2
  ..  .C O NrR : O NrR by the solvability of NrR. Let Q sNr R 2 2
 . 2 .O N mod R . Suppose that O Z ­ Q. Then Q l D 1 N by Lemma2 1 y
 . .  .  . .4.5 1 3 , so Q l D R 1 N and Q l D g Syl Q l D R . Hence Q l2y
D : R by the maximality of R. Let W be a chief factor of N within QrR0
2 .  . X  .so that O Z ­ C s C W . Let S be a subgroup between N l S R1 N 0
X  . < X < < < < < < <and N so that S rR g Syl NrR . Then S r R: R l D F S , so W F2 0
< < < < < X < < < < < < < 4QrR s QD: RD F S r RD F S r D F 2 . Hence NrC is isomorphic
 .  .to a subgroup of GL 2 . Also we have O NrC s 1 because N is4 2
 .Xirreducible on W . Thus NrC s O NrC by inspecting the solvable0 2 , 2
 . 2 .subgroups of GL 2 . Since O Z ­ C, we have C l D 1 Z by Lemma4 1 1y
 . w  . 2 .x 2 .  .4.5 1 . Thus O Z , O Z s O Z l D : O N mod C l D s C l2 2 2 2
 .  .D : O Z by Lemma 3.1 7 , which shows that Z : Z , a contradic-2 1 2 2 1
2 .  . 2 .tion. Thus O Z : C QrR : Q, and then O Z : R. Hence I : R,1 N 1
 .  .  .so E s O I g Syl I . Therefore C I s 1.2 2 wW , I x
Now, define a subgroup U of N as follows: U is a minimal normal
w x < < 4 w xsubgroup of N contained in W, I if S: D F 2 ; U s W, I otherwise.
w xLet U be a chief factor of N within U so that U s U , I . Put0 0 0
X  . 2 . X X  .C s C U . Since O Z ­ C , C l D : O N l D s M l D. SinceN 0 1 2
 X. 2 .  X .N is irreducible on U , O NrC s 1. If O Z : O N mod C , then0 2 n
w  . 2 .x 2 .  X. XO Z , O Z s O Z l D : O N mod C l D s C l D : M l2 n n n
 .  .D : O Z by Lemma 3.1 7 , which shows that Z : Z , a contra-2 ny1 n 2 ny1
2 .  X. 2 .  X.Xdiction. Thus O Z ­ O N mod C , so O Z ­ O N mod C , andn n 2 , 2
 X.  .  . <Xhence O N mod C l D : O Z by Lemma 4.5 1 . Therefore U:2 , 2 2 n
 . < <  . < 2  .  .C x G U : C x G 2 for all x g D y O Z by Lemma 3.2, so 1U 0 U 2 n0
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< < 4  .holds. Suppose that S: D F 2 . Then Lemma 3.4 implies U g v D, D ,1
 . ` .  .as in the proof of Lemma 5.4 1 , so N 1; D : O Z by Lemma 2.6.2 n
 . ` .Hence, if D 1 S and Z g G D where L s H or K, we have N 1; Dn LyS .  .  .  .: FO Z : O L by Lemma 4.2 5 , so 2 holds.2 n 2
In the remainder of the proof, we will assume that a is not thin and
derive a contradiction.
 .  .LEMMA 5.6. Let X g G T . Then there exists Y g G T such thatH K
 :X : Y ­ X and X, Y is sol¨ able.2 2
 .  .Proof. Let X g G T . Then there exists Y g G T such that Y ­ XH K 2
 . U 2 . U U  U .by Lemma 4.3 2 . Put X s O X T . Then T g Syl X because2
2 . w  . 2 .x w  . 2 .x w  . 2 .xO X l T s O X , O X s O H , O X : O H , O H :2 2 2
U  .  .  . UT by Lemma 3.1 7 and Lemma 4.2 2 . Moreover, as T s O H T ,2
there is a one-to-one correspondence between the set of subgroups of X
containing T and the set of subgroups of X U containing TU. Thus X U is
U  U . U  U .2-irreducible, and then X g G T . Hence there exists Y g G TX Y
U U w  . 2 .x w  . 2 .xsuch that Y ­ X as above, because O Y , O Y s O K , O Y2 2 2
w  . 2 .x U U  U . U  U .: O K , O K : T . Since X g G T and Y g G T , we have2 H K
U U w  . 2 .x  .  U .X : Y by Lemma 4.7. Thus O X , O X s O X l T s O X2 2 2 2
U w  U . 2 U .x  U .  . w  .l T s O X , O X : O Y by Lemma 3.1 7 , and so O X ,2 2 2
2 .x  U .T  .  .O X : FO Y : O Y by Lemma 4.2 5 . Hence we have X : Y.2 2 2
 .:  :Thus O X, Y / 1 by Lemma 4.8, and then X, Y is solvable.2
 .LEMMA 5.7. V : O K .2
 .  .Proof. By Lemma 5.6, we can choose X g G T and Y g G T soH K
 :  .that Y ­ X and X, Y is solvable. Then, by Lemma 5.5 1 , there exists2
 : <an abelian normal subgroup U of X, Y such that U : T and U:
 . < 2  .  .  .C x G 2 for all x g T y O Y . Since V g v T , T by Lemma 5.4 1 ,U 2 1
w x w x  < <  . < :and V, U, U : U, U s 1, we have V s ¨ g V U: C ¨ F 2 :U
S .  .  .  .O Y , so V : FO Y : O K by Lemma 4.2 5 .2 2 2
  ..  .LEMMA 5.8. V Z S : Z K .1
Proof. Suppose false. Then, as in Lemma 5.3, K has a noncentral
 .minimal normal subgroup, say, W. Furthermore, W : O H by Lemma2
5.7 and the symmetry between H and K. Now, we will assume that
  ..   ..Q K S U H, where Q K S is a characteristic subgroup of S defined inyw x  .10 . Then H has a unique noncentral chief factor within O H as in the2
w x w  . 2 .xproof of Proposition 2.2 of 11 . Thus we have O H , O H s V. Hence2
H : K by Lemma 5.7, a contradiction.2
 .  Y : Y q  .w  .Let Y g G T . Define U s V , Z s FV , T s O H O Y ,K 2 2
2 .x q 2 . qO Y , and Y s O Y T .
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w x  .LEMMA 5.9. If T 1 : O H , then the following hold:2
 . q1 U is normal abelian 2-subgroup of Y contained in T .
 . w qx2 Z, T s 1.
 . q q  q.3 Y is 2-irreducible with T g Syl Y .2
 . q  .w  q. 2 q.xq4 T s C V O Y , O Y .T 2
Proof. First, U is a normal 2-subgroup of Y by Lemma 5.7, so U :
 . y  y y.  .O Y : T. Let y g Y. Then V g v T , T by Lemma 5.4 1 . Since2 1
w y x w x y  y < <  . < : w xV , V, V : V, V s 1, we have V s w g V V: C w F 2 : T 1V
 . q q  .: O H : T . Thus U : T and U is abelian, so 1 holds.2
 :  .Since H ­ K s S, Y by Lemma 5.1 and Definition 4.1 4c , and2
 .w  . 2 .x  .  .  .  .T s O H O K , O K s C V O Y s C Z O Y , we have T /2 2 T 2 T 2
 .  Y :   .Y :  .  .O Y , and then Y s T s C Z O Y by Lemma 3.1 1 . Thus2 T 2
w  . 2 .x 2 .   .Y : q  .  .O Y , O Y : O Y : C Z . Hence T : C Z , so 2 holds.2 T T
qw  . 2 .x ww  . 2 .x 2 .x w  .Since T s T O K , O K and O K , O K , O Y s O Y ,2 2 2
2 .x 2 . q  .  .O Y s T l O Y : T by Lemma 4.2 2 and Lemma 3.1 7 , we
 . w  . 2 .x w  q. 2 q.xconclude that 3 holds and that O Y , O Y s O Y , O Y as in2 2
 .the proof of Lemma 5.6. So 4 also holds.
w x  .  q q.LEMMA 5.10. If T 1 : O H , then U g v T , T .2 2
w qx 1.  q. 2.Proof. Suppose first that V, T ­ Z. Let V s C T , V sV mod Z
 q.  i.   i..Yq: 1. 2.1.C T , and U s V for i s 1, 2. Then Z ; V ; VV mod V
w 2. w  q. 2 q.xx  .by our assumption, and so U , O Y , O Y ­ Z. By Lemma 5.9 4 .2
w x q XSuppose that U, L, L s 1 for an abelian subgroup L of T . Let L s L
 q. ql O Y . Note that Y is a 2-irreducible solvable group acting on an2
2.  . . < X <  . w xabelian 2-group U by Lemma 5.9 3 1 . Thus L: L F 2 by 3.9 of 7 .
y q  y y.  q  q.. qSince V g T l v T , T : v T , O Y for all y g Y by Lemma1 1 2
 . .  q  q..  . w x  < < X2.2 1 2 , we have U g v T , O Y by 2.2 of 7 , so U s u g U L :1 2
 . < :  < <  . < 2:  q q.XC u F 2 s u g U L: C u F 2 . Thus U g v T , T by Lem-L L 2
 .ma 5.9 1 .
w qx X   q. < q 4Suppose next that V, T : Z. Let G s X g G T T U X , andH y
  ..  q.  <  q.:define V s C O X for X g G T . Then V s V X g G T sX V 2 H X H
 < X: w U  .x w U  .xq qV X g G because F V , O X s V , F O XX X g G T . 2 X g G T . 2H H
w U  .x U: V , O H s 1 for the dual module V of V.2
X  Yq:Let X g G , and put U s V . Then it suffices to prove that U gX X X
 q q.  .  . w x  <v T , T by Lemma 5.9 1 and 2.2 of 7 because U s U X g2 X
X: w  q. 2 x w q qx  .  .  . .G . Since V, T : V, T , T s 1, and C V s O H by 3.1 1 ,T 2
q  . < q  . <  .T rO H is elementary abelian. Thus T rO X s 2 by Lemma 3.1 42 2
 .  . q   i. < 4because O H : O X ; T . Choose a family of subgroups V i g I2 2 X
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of V so that the following hold for all i g IX
 .  i. q 21 V is a T -invariant subgroup of order 2 or 2 .X
 .  i.2 V ­ Z.X
 . <  i.  i. <  i. w  i. qx3 V : Z s 2 where Z s V , T .X X X X
 i.   i..Yq:  i.  i.  q  i. qLet i g I, and put U s V . Then U rZ g v T rZ , T rX X X X 1 X
 i..  . w x  i.  i.   q  i...  i.Z by 3.10 of 7 because V rZ : V Z T rZ . Thus U gX X X 1 X X
 q q.  . w x <  i. <v T , T by 2.3 of 7 because Z F 2. Moreover, we have Z g2 X
 q q.  q q.  .  .v T , T : v T , T by Lemma 5.9 2 and Lemma 2.2 3 . Therefore0 2
 i. q q < :  .  . w xU s U i g I Z g v T , T by 2.2 of 7 .X X 2
LEMMA 5.11. The following hold:
 . w x  .1 T 2 ­ O H .2
 . w x  . w x2 If T 1 : O H , then T s T 2 .2
 .  . w x  .Proof. To prove 1 and 2 , we may assume that T 1 : O H . Then2
` . w x  . q  . ` q. `N 1; T : T 1 : O H : T by Lemma 5.4 2 , so N 1; T s N 1;2
.  .  .T : O H by Lemma 2.4 4 .2
<  . < d  . 2Let min U: C x s 2 , and let x g T y O Y with xx g TyO Y . U 22
 . <  . < d  .w  . 2 .xg O Y and U: C x s 2 . Since T s O H O K , O K s2 U 2 2
 .  .  .C V O Y , there exists an element y g C V such that y ' xT 2 T
  .. Xmod O Y . Let P be a Hall 2 -subgroup of Y. Take an element2
 . w xy1  .  . d <g g P y F P such that k s g, y f F P O Y . Then 2 s U:2
 . < < gy1 gy1 gy1 x < < gy1 gy1 gy1 y < < gy1 gy1C x G V : V l V s V : V l V s V : V lU
gyy < < k <  . w k  k:xV s V: V l V . Since y g C V , we have V l V , y, y s 1 soT
w k  .  k:x w k: k  .x kV l V , O Y , y, y s 1 s y, y , V l V , O Y as V, V 12 2 y
 . w  .  k: k xO Y . Hence O Y , y, y , V l V s 1 by the three-subgroup lemma,2 2
w  .  k:x w x  k:  .  . 2 .so O Y , y, y : T d . Since y, y ­ F P O Y , we have O Y2 2
 k:T : w  . 2 .x w x w  . 2 .xs y, y , so O Y , O Y : T d . Therefore O K , O K s2 2
w  .  2 .S:x w  . 2 .xS: w  . 2 .xS:  w xS:O K , O Y s O K , O Y s O Y , O Y : T d2 2 2
w x  . .  .w  . 2 .x w xs T d by Lemma 4.2 6 2 , and so T s C V O K , O K s T d .T 2
 q . w x w xSuppose that d G 2. Let L g v T , U . Since L, U, U : U, U s 1,1
 < <  . < :  .   q .:we have L s x g L U: C x F 2 , so L : O Y . Thus v T , UU 2 1
q  .  q. U  q q.  .: T l O Y s O Y . Hence U g v T ,T by Definition 2.1 22 2 1
y q   ..  q  q.. qbecause V g T l v T , O Y : v T , O Y for all y g Y , and1 2 1 2
 y < q:  q q.U s V y g Y g v T , T .2
` q.  q.  .Now, suppose that d G 3. Then we have N 1; T : O Y : O Y2 2
` .  .S  .by Lemma 2.5, so N 1; T : FO Y : O K . This contradicts Lemma2 2
 .  .  .5.4 3 , and hence d F 2. Therefore 1 and 2 hold.
 .Let H s HrC V , and regard V as a nontrivial irreducible faithfulH
2 .  .  .XGF 2 H-module. Put P s O H . Then we have P s O H s O H .2, 2
 . .by Lemma 3.1 1 2 .
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LEMMA 5.12. The group T acts intransiti¨ ely on the set H of homogenous
components of V .P
w x  .  . w xProof. First, assume that T 1 ­ O H . Let X g G T . Since T 1 12 H y
 .S  .  .S, and FO X : O H by Lemma 4.2 5 , there exists an element2 2
 . <  . < 2 .  .t g T y O X such that V: C t s 2. Since O X ­ C V by Lemma2 V X
 .  .   .  ..  . . .X4.2 6 , we have C V : F O X mod O X by Lemma 3.1 1 2 5 ,X 2, 2 2
w 2 . x  .and so O X , t ­ C V . Thus there exists a unique element W g HX
2 w xsuch that 1 / O X , t : P, t s P ( Z by Lemma 3.3, so X = P , . W 3 W
 .and P is an elementary abelian 3-group by Lemma 3.3. Hence C V sH
  ..F P mod O H as above. Suppose that T is transitive on H. Then2
2 2 2 < :  .  .  .X = P W g H s P s O H , so O H : O X C V s .W H
2 .  . 2 . 2 . 2 .O X O H : O X T s X. Thus O X s O H . By Lemma 5.6,2
 . w  .there exists an element Y g G K such that X : Y. Then O H ,T 2 2
2 .x 2 . 2 . w  . 2 .x  .O H : O H l T s O X l T s O X , O X : O Y , by2 2
 . w  . 2 .x 2 .S  .Lemma 3.1 7 , and hence O H , O H : FO Y : O K by2 2
 .Lemma 4.2 5 . This shows that H : K, which contradicts Lemma 5.1.2
w x  . ` . w x  .Next, assume that T 1 : O H . Then N 1; T : T 1 : O H by2 2
 . < < w x  .  .Lemma 5.4 2 . Suppose that H s 1. Since T 2 ­ O H s C V by2 T
 .  .Lemma 5.11 1 and Lemma 3.1 1 , P ( Z , Z , or Esp by Lemma 3.3.3 5 27
4< < <  . < < <Thus S: T F S: O H s S F 2 because S is isomorphic to a sub-2
 . < <group of Aut P . Suppose that H G 2 and that T is transitive on H. Since
w x  .T s T 2 by Lemma 5.11 2 , T is generated by elements inducing transpo-
< < < < 2 <sitions on the set H. So H s 2, and W s 2 for all W g H. Hence S:
3 4< <  . < < < < <T F S O H s S F 2 . We conclude that S: T F 2 if T is transitive2
 .  .on H. Now, by Lemma 5.6, choose X g G T and Y g G T so thatH K
 : ` .  .Y : X and X, Y is solvable. Then N 1; T : O K by Lemma 5.52 2
 .  .2 , which contradicts Lemma 5.4 3 .
Let D be a maximal subgroup of S containing T so that D has precisely
two orbits H and H on the set H.1 2
 .  2 .:LEMMA 5.13. There exists Y g G D such that Y, O H is sol¨ able.K
 :Proof. Put V s H for i s 1, 2. Then there exist D-invariant sub-i i
 .  . w xgroups P i s 1, 2 of P containing C V such that P s P P , V , P si H 1 2 i i
w x  .V , V , P s 1 i s 1, 2 , and S interchanges P and P by Lemma 5.11i i 3yi 1 2
 .  .  .1 and Lemma 3.3. Put Z s DP i s 1, 2 , and U s C D .i i V2
 .  .   ..   ..Let Z g G D , and put E s O Z . Since U : V Z D : V Z EK 2 1 1
w  . 2 .x w 2 .xand O Z , O Z : E : D, Lemma 4.4 shows that U, O Z :2
w   .. 2 .x   ..  . w 2 .xV Z E , O Z s 1 because V Z S : Z K . Thus U, O K s1 1
w  2 . <  .:x  .  2 .:U, O Z Z g G D s 1 by Lemma 4.2 6 . Therefore Z , O K isK 1
 .solvable as it is contained in C U .G
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 :Since H s Z , S and Z is generated by the set of its D-irreduc-1 1
X  . Xible subgroups, there exists an element Z g G D such that Z : Z .H 1
 X4  .Let D s Z j G D . Then, by Lemma 4.6, there exists an elementK
Y g D such that Y : X for all X g D. Suppose that Y s ZX. Then2
w  X. 2 X.x  .  .  .O Z , O Z : F O X : O K by Lemma 4.2 5 , so2 X g G D . 2 2K
w  . 2  .x w  .  2  X .S:x w  . 2  X .xS:O H , O H s O H , O Z s O H , O Z s2 2 2
w  X. 2 X.xS:  .  . .O Z , O Z : O K by Lemma 4.2 6 2 . This shows that H :2 2 2
 . XK, a contradiction. Therefore Y g G D and Y : Z .K 2
X  X.   X.. w  . 2 .x XLet E s O Z . Since V : V Z E and O Y , O Y : E ,2 1 1 2
w 2 .x w   X.. 2 .xLemma 4.4 shows that V , O Y : V Z E , O Y s 1 because1 1
  ..  .  2 . 2 .:V Z S : Z K . Thus O H , D, O Y is solvable as it is contained1
 .in N V .G 1
Now, we reach a final contradiction.
 .  2 .:Choose Y g G D so that Y, O H is solvable. Then there existK
 .elements X, Z g G D such that Z ­ Y ­ X by Lemma 4.3. PutH 2 2
 : < <  .N s X, Y, Z . Since N is solvable and S: D s 2, Lemma 5.5 2 shows
` .  .  .  .that N 1; D : O H l O K , which contradicts Lemma 5.4 3 . This2 2
completes the proof of Theorem 1.
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